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1. Randall-Sundrum model with the small curvature

The Randall-Sundrum (RS) model [1] is one realization of extra dimension (ED) theories

in a slice of the AdS5 space-time with the following background warped metric:

ds2 = e2κ(πr−|y|) ηµν dxµ dxν + dy2 , (1.1)

where y = rθ (−π 6 θ 6 π), r being the “radius” of extra dimension, and ηµν is the

Minkowski metric. The points (xµ, y) and (xµ,−y) are identified, so we work on the

orbifold S1/Z2.

The parameter κ defines a 5-dimensional scalar curvature of the AdS5 space. Namely,

the Ricci curvature invariant for this AdS5 space, R(5), is given by R(5) = −20κ2. For the

sake of simplicity, in what follows, we will call κ “curvature”.

The model has two 3D branes with equal and opposite tensions located at the point

y = πr (called the TeV brane, or visible brane) and point y = 0 (referred to as the Plank

brane, or invisible brane). If k > 0, then the tension on the TeV brane is negative, whereas

the tension on the Planck brane is positive. All the SM fields are constrained to the TeV

brane, while the gravity propagates in five dimensions.

It is necessary to note that the metric (1.1) is chosen in such a way that 4-dimensional

coordinates xµ are Galilean on the TeV brane where all the SM field live, since the warp

factor is equal to unity at y = πr.1

By integrating a 5-dimensional action over variable y, one gets an effective 4-

dimensional action, that results in the “hierarchy relation” between the reduced Planck

scale M̄Pl and 5-dimensional gravity scale M̄5:

M̄2
Pl =

M̄3
5

κ

(

e2πκr − 1
)

. (1.2)

1To get a right interpretation, one has to calculate the masses on each brane in the Galilean coordinates

with the metric gµν = (−1, 1, 1, 1) [2, 3] (see below for details).
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The reduced 5-dimensional Planck mass M̄5 is related to the Planck mass by M5 =

(2π)1/3M̄5 ' 1.84M̄5 (see, for instance, [4]).

From the point of view of a 4-dimensional observer located on the TeV brane, there

exists an infinite number of graviton KK excitations with masses

mn = xn κ, n = 1, 2 . . . , (1.3)

where xn are zeros of the Bessel function J1(x).

The interaction Lagrangian on the visible brane looks like the following:

L = − 1

M̄Pl
T µν G(0)

µν − 1

Λπ
T µν

∞
∑

n=1

G(n)
µν +

1√
3Λπ

T µ
µ φ . (1.4)

Here T µν is the energy-momentum tensor of the matter on this brane, G
(n)
µν is a graviton

field with the KK-number n, and φ is a scalar field called radion. The parameter Λπ in

eq. (1.4),

Λπ = M̄5

(

M̄5

κ

)1/2

, (1.5)

is a physical scale on the TeV brane.

In most of the papers which treat the RS model,2 the background metric is taken to

be

ds2 = e−2κ|y| ηµν dxµ dxν + dy2 , (1.6)

instead of expression (1.1). As a result, the hierarchy relation is given by the formula

M̄2
Pl =

M̄3
5

κ

(

1 − e−2πκr
)

, (1.7)

with the graviton masses

mn = xn κ e−πκr, n = 1, 2 . . . . (1.8)

As for the parameter Λπ, it is defined by

Λπ = M̄Pl e
−πκr . (1.9)

Given κr ' 12, the scale Λπ (1.9) is equal to one or several TeV. In order the hierarchy

relation (1.7) to be satisfied, one has to put3

κ ∼ M̄5 ∼ M̄Pl . (1.10)

Then it follows from (1.8) that the lightest modes of the KK graviton have masses around

1 TeV.

Thus, one obtains a series of massive graviton resonances in the TeV region which

interact rather strongly with the SM fields, since Λπ ∼ 1TeV on the visible brane. The

2Including the original one [1].
3Within the bounds 0.01 6 κ/M̄5 6 0.1 [5].
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Figure 1: The correction to the Bhabha cross section resulting from virtual graviton exchanges as

a function of the scattering angle at the LEP2 energy
√

s = 200GeV. The solid line is our prediction

which takes into account both a discrete character of the spectrum and widths of the KK gravitons.

The dashed line corresponds to the continuous mass approximation for the graviton spectrum [10].

The curves correspond to M5 = 1.8TeV and κ = 100MeV.

Figure 2: The same as in figure 1, except for the collision energy is equal to
√

s = 1TeV.

experimental signature of the “large curvature option” of the RS model is the real or virtual

production of the massive KK graviton resonances.

The real production of these gravitons could be detected at the Tevatron in the pro-

cesses pp̄ → γ + G(n) or pp̄ → jet + G(n). Narrow high-mass resonances can be seen in

Drell-Yan, di-photon, and di-jet events, pp̄ → G(n) → µ+µ−, γγ, 2jets.

The recent limits on the mass of the lightest KK mode, m1, come from the Tevatron

measurements of e+e− and γγ final states [6]:

m1 > 875 MeV, (CDF) ,

– 3 –
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Figure 3: The same energy as in figure 2, with the parameters M5 = 1.8TeV, κ = 1GeV.

Figure 4: The same energy as in figure 2, with the parameters M5 = 2.5TeV, κ = 100MeV.

m1 > 865 MeV, (D0) . (1.11)

The LHC search limit on m1 is [7]

m1 ∼ 0.7 − 0.8 TeV (1.12)

for the di-jet mode and integrated luminosity L = 0.1, fb−1, while for the di-photon mode

and L = 10, fb−1 the estimate looks like [7]

m1 ∼ 1.31 − 3.47 TeV . (1.13)

Let us underline that these (and analogous) experimental bounds can not be applied

to the RS scheme with the small curvature.

– 4 –



J
H
E
P
0
3
(
2
0
0
7
)
0
0
6

Note, in the case of large curvature (1.10) which arise in the metric (1.6), the size of

the AdS5 slice should be extremely small. Namely,

r ' 60 lPl , (1.14)

where lPl is a Planck scale. Thus, in order to explain the value of M̄Pl (∼ 1019 GeV)

through the fundamental (5-dimensional) Planck scale (∼ 103 GeV), one has to introduce

new huge mass scales M̄5, κ, as well as 1/r. In other words, hierarchy problem is not solved,

but reformulated in terms of the new parameter related to the size of the bulk along the

extra dimension.4

Moreover, there exists another shortcoming of the scenario with the curvature and

fundamental gravity scale being of the order of the Planck mass. Namely, kinetic terms of

all graviton fields on the TeV brane does not have a canonical form, and Lorentz indices are

raised with the Minkowski tensor, while the metric in the coordinates xµ is e−πκrηµν [3].

The correct interpretation of the effective 4-dimensional theory and correct determi-

nation of the masses can be achieved by changing variables:

xµ → zµ = xµe−πκr . (1.15)

As one can see, the metric (1.6) turns into the metric (1.1) under such a replacement.

The “small curvature option” was studied in the previous papers [8, 9] (see also ref. [10]

in which this model was proposed for the first time). In what follows, the 5-dimensional

reduced Planck mass M̄5 is taken to be one or few TeV. Following ref. [8]–[10], we chose

the parameter κ to be 100 MeV − 1 GeV. These values of κ obey the bounds derived in

ref. [8]:

10−5 6
κ

M̄5
6 0.1 . (1.16)

Then the mass of the lightest KK excitation lies within the limits m1 ' 0.38 − 3.8 GeV.

Correspondingly, the mass scale Λπ (1.5) is given by

Λπ = 100

(

M5

TeV

)3/2 (

100 MeV

κ

)1/2

TeV . (1.17)

It immediately follows from eqs. (1.4), (1.17) that there is no problem with the radion field

φ in our scheme, since its coupling to the SM fields (∼ 1/
√

3Λπ) is strongly suppressed.

As for the massive gravitons, their couplings are also defined by the scale Λπ (1.17).

However, the smallness of the coupling is compensated by the large number of the gravitons

that can be produced in any inclusive process. As a result, magnitudes of corresponding

cross sections will be defined by the 5-dimensional gravity scale M̄5 (see our comments

after eq. (2.15)).

Thus, we have an infinite number of low-mass KK resonances with the small mass

splitting, in contrast with the usually adopted RS scenario (1.10). Nevertheless, due to

the warp geometry of the AdS5 space-time, the RS model with the small curvature differs

4A similar shortcoming exists in models with large extra dimensions of a size R, in which a new large

mass scale, 1/R, is introduced in order to explain the value of MPl.
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Figure 5: The same energy as in figure 2, with the parameters M5 = 2.5TeV, κ = 1GeV.

Figure 6: The same energy as in figure 2, with the parameters M5 = 1.8TeV, κ = 900MeV.

significantly from the ADD model [11] (at least at κ À 10−22 eV), as was demonstrated in

ref. [9].

In ref. [8] this scheme was applied for the elastic scattering of the brane fields at

ultra-high energies induced by t-channel gravireggeons [12].

Recently, the small curvature option of the RS model has been checked experimentally

by the DELPHI Collaboration. The gravity effects were searched for by studying photon

energy spectrum in the process e+e− → γ + E⊥Á . No deviations from the SM prediction

were seen. As a result, the following (preliminary) bound was obtained [13]:

M5 > 1.69 TeV ± 3% , (1.18)

that correspond to the reduced 5-dimensional scale M̄5 > 0.92 TeV (see the relation between

M5 and M̄5 after eq. (1.2)).
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Figure 7: The same energy as in figure 2, with the parameters M5 = 1.8TeV, κ = 994MeV.

Figure 8: The virtual graviton contribution to the cross section of the process e+e− → µ+µ− as

a function of the scattering angle. The collision energy
√

s = 1TeV. Both curves correspond to

M5 = 1.8TeV, κ = 100MeV.

Note that this limit could not be inferred from the limits already given for larger than

two flat dimensions owing to the totally different spectrum of the photon [13].

2. Gravity effects in e+e− annihilation resulting from virtual KK gravitons

Let us now consider the process of e+e− annihilation into two leptons mediated by massive

graviton exchanges,

e+ e− → G(n) → l l̄ , (2.1)

where l = e, or µ.5

5The processes e+e− → τ+τ−, γγ are also promising reactions at the LC. We will not consider them in

– 7 –
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Figure 9: The same as in figure 8, with the parameters M5 = 1.8TeV, κ = 1GeV.

In what follows, the collision energy,
√

s, is taken to be equal to 1 TeV (for comparison,√
s = 200 GeV will be also considered). It means that we are working in the following

region:

Λπ À
√

s ∼ M5 À κ. (2.2)

The matrix element of the process (2.1) looks like

M = AS . (2.3)

The fist factor in eq. (2.3) contains the following contraction of tensors:

A = T e
µν Pµναβ T l

αβ = T e
µν T l µν − 1

3
(T e)µ

µ (T l)
ν

ν , (2.4)

where Pµναβ is the tensor part of the graviton propagator, while T e
µν (T l

µν) is the lepton

energy-momentum tensor.

The second factor in eq. (2.3) is universal for all types of processes mediated by s or

t-channel exchange of the massive KK excitations.6

For instance, the graviton exchange in the s-channel leads to the expression

S(s) =
1

Λ2
π

∞
∑

n=1

1

s − m2
n + imnΓn

. (2.5)

Here Γn denotes the total width of the graviton with the KK number n and mass mn. The

width is small if n is not too large [14]:

Γn

mn
= η

(

mn

Λπ

)2

, (2.6)

the present paper.
6For the µ+µ− final state, there is no t-channel contributions, while in the Bhabha scattering both S(s)

and S(t) contribute.
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Figure 10: The same as in figure 8, with the parameters M5 = 2.5TeV, κ = 100GeV.

where η ' 0.09.

Note, however, that the main contribution to sum (2.5) comes from the region n ∼√
s/κ À 1. So, nonzero widths of the gravitons in the RS model with the small curvature

should be taken into account.

The sum in eq. (2.5) can be calculated analytically by the use of the formula [15]

∞
∑

n=1

1

z2
n,ν − z2

=
1

2z

Jν+1(z)

Jν(z)
, (2.7)

where zn, ν (n = 1, 2 . . .) are zeros of the function z−νJν(z). As a result, the following

explicit expression was obtained in ref. [9]:

S(s) = − 1

2κM̄3
5

1
√

1 − 4i η
s

Λ2
π

[

1

σ

J2(σ)

J1(σ)
− 1

ρ

J2(ρ)

J1(ρ)

]

, (2.8)

where

σ =

√
s

κ

[

2

1 +

√

1 − 4iη
s

Λ2
π

]1/2

(2.9)

and

ρ =
1√
2iη

Λπ

κ

[

1 +

√

1 − 4iη
s

Λ2
π

]1/2

. (2.10)

Since ηs/Λ2
π ¿ 1 in our case, we obtain from (2.9), (2.10):

σ '
√

s

κ
+

iη

2

(√
s

M̄5

)3

(2.11)

| ρ | ' 1√
η

Λπ

κ
À |σ| , (2.12)

– 9 –
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Figure 11: The same as in figure 8, with the parameters M5 = 2.5TeV, κ = 1GeV.

and eq. (2.8) becomes [9]

S(s) = − 1

2κM̄3
5

1

σ

J2(σ)

J1(σ)
, (2.13)

with σ given by (2.11) (here and in what follows, small corrections O(κ/
√

s) are omitted).

By using the asymptotics of the Bessel functions [15] the formula (2.8) can be repre-

sented in the final form [9]:

S(s) = − 1

4M̄3
5

√
s

sin 2A + i sinh 2ε

cos2A + sinh2ε
, (2.14)

where

A =

√
s

κ
+

π

4
, ε =

η

2

(

√
s

M̄5

)3
. (2.15)

As one can see from (2.14), the magnitude of S(s) is defined by M̄5 and
√

s, not by

Λπ, although the latter describes the graviton coupling with the matter in the effective

Lagrangian (1.4).

The following inequalities immediately result from (2.14):

− coth ε 6 Im S̃(s) 6 − tanh ε (2.16)

∣

∣Re S̃(s)
∣

∣ 6
1

1 + 2 sinh2ε
, (2.17)

∣

∣

∣

∣

∣

Re S̃(s)

Im S̃(s)

∣

∣

∣

∣

∣

6
1

sinh 2ε
, (2.18)

where the notation S̃(s) = [2M̄3
5

√
s ]S(s) was introduced. Note that the upper bound

for the ratio |ReS(s)/ImS(s)| decreases with energy, and it becomes as small as 0.08 at√
s ' 3M̄5. At the same time, ImS(s) tends to the value −1/(2M̄3

5

√
s).

– 10 –
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Figure 12: The dashed and dash-dotted lines correspond to smearing of gravity cross section in

the interval (
√

s − ∆
√

s,
√

s + ∆
√

s), with ∆
√

s = 10GeV and ∆
√

s = 50GeV, respectively, while

the solid line corresponds to a case without energy smearing. The average energy
√

s = 1 TeV, the

parameters are the same as in figure 3. The dotted line is obtained in zero width approximation The

number of resonances which lies within the energy resolution is equal to 6 (31) for ∆
√

s = 10GeV

(50 GeV).

Should one ignores the widths of the massive gravitons, and then replace a summation

in KK number (2.5) by integration over graviton masses,7 one gets (see, for instance, [9, 10]):

ImS(s) = − 1

2M̄3
5

√
s

, ReS(s) = 0 , (2.19)

in contrast to the exact formula (2.14).

However, the series of low-massive resonances in the RS model with the small curvature

can be replace by the continuous spectrum only in a trans-Planckian energy region
√

s &

3M̄5. It can be understood as follows. One may regard the set of narrow graviton resonances

to be the continuous mass spectrum (within a relevant interval of n), if only

∆mKK < Γn (2.20)

is satisfied, where ∆mKK is the mass splitting. As was shown in ref. [9], the inequality (2.20)

is equivalent to the above mentioned inequality

√
s & 3M̄5 . (2.21)

We are working in another kinematical region,
√

s . 3M̄5, since the 5-dimensional scale

M̃5 is assumed to be equal to (or larger than) 1 TeV, while the collision energy is fixed to be

1 TeV. That is why, for our calculations we will use the analytical expression (2.14) which

takes into account both the discrete character of the graviton spectrum and finite widths

of the KK gravitons.

7By using the relation dn = M̄2
Pl/(2πM̄3

5 ) dm.
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Figure 13: The same as in figure 12, but for the dimuon production with the parameters taken

from figure 9. The number of resonances which lies within the energy resolution coincides with that

in the previous figure.

Let us note that our formula (2.14) can be also applied to the scattering of the brane

particles, induced by exchanges of t-channel gravitons [8, 14]. In such a case, it looks like

S(t) = − 1

2κM̄3
5

1

σ̃

I2(σ̃)

I1(σ̃)
, (2.22)

where Iν(z) = exp(−iνπ/2)Jν(iz) is the modified Bessel function, and

σ̃ '
√
−t

κ
− iη

2

(
√
−t

M̄5

)3

, (2.23)

with t being a 4-momentum transfer. Since I2(z)/I1(z) → 1 at z À 1 (−π/2 < arg z <

3π/2) [15], we find that S(t) is pure real in the kinematical region M̄3
5 /κ À −t À κ2 [9]:

S(t) = − 1

2M̄3
5

√
−t

. (2.24)

Our main goal is to apply theoretical expressions (2.14), (2.24) for estimating vir-

tual graviton contributions to the process (2.1). The relations of cross sections with the

quantities S(s) and S(t) are taken from the appendix of ref. [10].

Let us consider the Bhabha scattering first. In figure 1 the graviton contribution is

presented as a function of the scattering angle of the final leptons at the collision energy√
s = 200 GeV (solid line). Another prediction is also shown (dashed line) which was calcu-

lated under assumption that the dense spectrum of the KK gravitons can be approximated

by the continuum.

We see that the difference between two predictions is negligible at LEP2 energy. More-

over, the gravity effects are very small with respect to the SM cross section (see figure 1).

Thus, we can conclude that the above mentioned bounds on M̄5 from LEP (1.18) should

be also applied to the 5-dimensional scale in our scheme.

– 12 –
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However, these two estimations (based on exact formula (2.14) and approximate

one (2.19), respectively) differ drastically when we consider a collision energy relevant

for future linear colliders [16]. This is illustrated in figures 2– 7. If we compare figures 6, 7

and 3, we conclude that at fixed value of M5, the ratio of the total cross section to the

SM cross section is very sensitive to variations of the curvature κ within a narrow region

(0.9 GeV – 1 GeV, in our case). The effect is less pronounced, but still significant, at larger

M5 (see figures 4, 5). Let us note that the interference of gravity with the SM forces is

constructive in the Bhabha scattering, and the ratio σ(SM + grav)/σ(SM) is lager than 1

for all cases.

Now let us consider the process e+e− → µ+µ−. The estimates show that the gravity

effects are negligible at
√

s = 200 GeV. Contrary to the Bhabha process, the gravity effects

calculated with the use of approximate formulas (2.19) become very small at M5 = 2.5 TeV

(see figures 8– 11). As for predictions based on the exact formula (2.14), they change both

qualitatively and quantitatively with variations of the parameters of the RS model. To

see this, it is enough to compare figures 8 and 9 (κ changes from 100 MeV to 1GeV, with

M5 being fixed), as well as figures 9 and 11 (κ is fixed, while M5 changes from 1.8 TeV

to 2.5 TeV). The interference can be destructive or constructive, depending on cos θ and

values of the parameters.

3. Conclusions and discussions

In the present paper the contributions of the virtual s and t-channel KK gravitons to the

Bhabha scattering and to the process e+e− → µ+µ− at the LC energy
√

s = 1TeV were

numerically estimated. We have considered the small curvature option of the RS model

with two branes (κ ¿ M̄5). In such a scheme, the KK graviton spectrum is the series of

the narrow low-mass resonances. The SM fields live on the TeV brane, while the gravity

propagates in the bulk.

The 5-dimensional Planck scale M5 is taken to be 1.8 TeV and 2.5 TeV, with the

curvature parameter being restricted to the region κ = 100 MeV ÷ 1 GeV, that means√
s ∼ M5 À κ. For the numerical estimates, we used the formula for the process-

independent gravity part of the scattering amplitude, S(s), from ref. [9] (see eq. (2.14)).

For comparison, we have made calculations by using eqs. (2.19) which treat the spec-

trum of the KK graviton as the continuum. We have found that both expressions coincide

only at the LEP2 energy, when the gravity effects appeared to be small. At the LC energy

their predictions differ both qualitatively and quantitatively. It means that the sum in the

KK number can not be approximated by integration over graviton mass. Moreover, the

graviton widths should be properly taken into account, as formula (2.14) does.

In figures 2– 7 the ratio σ(SM + grav)/σ(SM) for the Bhabha process at collision energy√
s = 1 TeV is presented. Everywhere σ(SM) means the SM differential cross section with

respect to cos θ, while σ(SM + grav) means the differential cross section which takes into

account both the SM and gravity interactions.

In figures 8– 11 our predictions for the process e+e− → µ+µ− are shown.

– 13 –
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One should conclude that at fixed value of the gravity scale M5, the cross section ratio

is very sensitive even to the slight variations of the curvature κ (compare, for instance,

figures 6, 7 and 3, as well as Figs 8 and 9). The ratio σ(SM + grav)/σ(SM) can reach tens

at some values of the parameters (see figures 7, 9).

Such a behavior of the cross section ratios comes from the explicit form of the function

S(s) (2.14). Indeed, at η (
√

s/M̄5)
3 ¿ 1 the parameter ε in eq. (2.14) is much less than

1, and the function S(s) has a significant real part.8 There is an interference with the

SM contributions, that results in a nontrivial dependence of σ(SM + grav)/σ(SM) on cos θ.

Given the approximation with zero real part is used (2.19), no interference terms exist, and

cos θ-dependence of the cross section ratio becomes similar for all sets of the parameters

(dashed curves in figures 2– 11).

If the parameter A =
√

s/κ + π/4 in formula (2.14) obeys the equation cos A = 0,

the denominator in (2.14) becomes small, and, correspondingly, the function S(s) becomes

large. It results in the rapid variation of the gravity contribution near corresponding values

of κ.

All calculations (except for figure 1) were done for the fixed energy
√

s = 1TeV.

However, the effects related with non-zero graviton widths remain significant after energy

smearing within some interval around this value of
√

s,9 as one can see in figures 12, 13.

Note that the energy smearing has a small influence on the cross section ratios for both

processes in the region cos θ < −0.8.

It is worth to note that both a discrete character of the mass spectrum and nonzero

widths of the KK gravitons are also important in a case of flat compact extra dimension,

as it is shown in appendix.
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A. Virtual gravitons in one flat extra dimension

Let us demonstrate that the account of the graviton widths changes zero width result by

considering a simpler case of one extra flat dimension [11]. The contribution of virtual

s-channel KK gravitons is then defined by the quantity

S̃(s) =
1

M̄2
Pl

∞
∑

n=1

1

s − m2
n + imnΓn

. (A.1)

The reduced Planck mass is related with a 5-dimensional reduced gravity scale, M̄4+1, by

the relation:

M̄2
Pl = 2πM̄3

4+1Rc , (A.2)

8Remember that η(
√

s/M̄5)
3 > 1 in the trans-Planckian region

√
s > 3M̄5.

9Although smaller than those without energy smearing.
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with Rc being the radius of the extra dimension. Remember that M̄4+1 = (2π)−1/3M4+1 [4].

The masses of the KK gravitons are

mn =
n

Rc
, n = 1, 2 . . . , (A.3)

while the graviton widths are given by [17]10

Γn = η
m3

n

M̄2
Pl

. (A.4)

The function S̃(s) (A.1) can be rewritten as

S̃(s) =
R4

c

iη

1

b2 − a2

∞
∑

n=1

(

1

a2 − n2
− 1

b2 − n2

)

, (A.5)

where

a =
√

sRc +
iη

2

s3/2Rc

M̄2
Pl

, (A.6)

b2 = −i
M̄2

PlR
2
c

η
. (A.7)

Note that |a| ' √
s Rc À 1, and |b| À |a|. In the region

√
s ∼ M̄4+1 ¿ M̄Pl, the second

term in the sum (A.5) is non-leading, and we get (with negligible corrections of the type

O(
√

s/M̄Pl) omitted):

S̃(s) ' R2
c

M̄2
Pl

∞
∑

n=1

1

a2 − n2
. (A.8)

The sum in eq. (A.8) is known to be

∞
∑

n=1

1

a2 − n2
=

π

2a
cot(πa) − 1

2a2
. (A.9)

By using formulae

cos(x + iy) = cos x cosh y − i sin x sinh y ,

sin(x + iy) = sin x cosh y + i cos x sinh y , (A.10)

we get from eqs. (A.8)-(A.10) and hierarchy relation (A.2):

S̃(s) =
1

8M̄3
4+1

√
s

sin 2B − i sinh 2δ

sin2B + sinh2δ
, (A.11)

where

B = πRc

√
s , δ =

η

4

(

√
s

M̄4+1

)3
. (A.12)

10For large masses mn ∼
√

s which make the leading contribution to the sum (A.1).
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As one can see from (A.11), a magnitude of the virtual graviton contribution is defined

by the TeV scale M̄4+1, not by the Planck mass M̄Pl. Moreover, the formula (A.11) is

similar to formula (2.14) up to replacements M̄5 → 21/3M̄4+1, κ → 1/(πRc).

The real part of S̃(s) in eq. (A.11) gives a small contribution after energy smearing

due to its rapid oscillations in
√

s. The imaginary part of S̃(s) in eq. (A.11) has a correct

zero width limit (η → 0), as one can easily check with the use of well-known formula

1

π
lim
ε→0

ε

x2 + ε2
= δ(x) . (A.13)

It also coincides with zero width expression in the trans-Planckian energy region, namely,

at
√

s > M̄4+1(4/η)1/3 ' 3.5M̄4+1.

However, at
√

s . 3.5M̄4+1 the exact formula (A.11) and zero width formula result

in different predictions by analogy with the RS scenario which has been considered in the

present paper.

Let us underline that the so-called zero width formula is obtained under assumption

that a set of the graviton resonances can be replaced by a continuous mass spectrum:

S̃(s) =
1

M̄2
Pl

∞
∑

n=1

1

s − m2
n + imnΓn

→ 1

M̄2
Pl

∞
∑

n=1

1

s − m2
n + i0

→ − iπRc

M̄2
Pl

∞
∫

0

dm δ(s − m2) = − i

4M̄3
4+1

√
s

. (A.14)

The last step in (A.14) is justified if only

1

Rc
< Γn (A.15)

is satisfied for relevant KK modes (n ∼ √
s Rc, in our case). This inequality is equivalent

to the inequality
√

s > M̄4+1(2π/η)1/3 ' 4M̄4+1 already derived above.

Thus, one has to conclude that the approximate expression for S̃(s) (A.14) can be

used only at
√

s > 4M̄4+1.
11 In the kinematical region

√
s . 4M̄4+1, the gravitons widths

should be taken into account, and the KK sum (A.1) cannot be replaced by integration in

graviton masses.
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